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We desc r ibe  a di f ference scheme  of s e c o n d - o r d e r  a c c u r a c y  fo r  calculat ing axial ly  s y m -  
m e t r i c  flows containing shock waves ,  and we apply our computat ional  r e su l t s  to the i n t e r a c -  
t ion of a shock wave with the end of a cyl inder  moving at supersonic  speed.  

Because  of the pa r t i cu l a r  f ea tu re s  of nons ta t ionary  gas  flows, in which the re  ex is t s  the poss ib i l i ty  of 
a s imul taneous  development  and unbounded growth of jumps ,  it is n e c e s s a r y  to apply continuous computa -  
t ional  methods  in the solution of engineer ing  p r o b l e m s .  At the p re sen t  t ime  s e v e r a l  such methods  a r e  
known, differ ing f r o m  one another  in the formula t iona l  scheme  employed and the accu racy  of the r e su l t s  
which t h e y e n s u r e  [1-5]. In this connection,  it is c u s t o m a r y  to use  methods of f i r s t - o r d e r  a c c u r a c y  [1-4] in 
calcula t ing two-dimens iona l  a x i a l l y - s y m m e t r i c  f lows.  In this pape r  we desc r ibe  a two-dimens iona l  d i f -  
f e rence  scheme of two-s tep  type,  which is of s e c o n d - o r d e r  accu racy .  The scheme  we p re sen t  is  applied 
to the solution of a " w a v e - o n - a - w a v e "  type of p rob l em,  namely ,  the calculat ion of shock wave p r o c e s s e s  
which a r i s e  when a nons ta t ionary  shock wave impinges  on the s ta t ionary  wave surrounding the f ron ta l  p o r -  
t ion of a cyl inder  moving with supersonic  speed.  

In wri t ing di f ference  equations to allow continuous calculat ions of the shock waves ,  we f i r s t  wr i te  the 
s y s t e m  of two-d imens iona l  flow equations in divergent  f o r m :  
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where  u = 1 in the axial ly  s y m m e t r i c  case  and u = 0 in the p lanar  c a se .  In vector  notation we may  wri te  
the sys tem (1) in the fo rm 

o f §  o § o ~ ( h + - - - ~ H q ) = 0  (2) 
%7 -~;F(r) -~y y 

T w o - D i m e n s i o n a l  D i f f e r e n c e  S c h e m e  of  S e c o n d - O r d e r  A c c u r a c y  

F o r  a di f ference approx imat ion  of the s y s t e m  (2) we employ  9 nodes of a support ing l ayer  and one 
node of a computing l a y e r .  The calculat ions a re  c a r r i e d  out in two s t ages .  

In a p r e l i m i n a r y  halfs tep we implement  a four -poin t  scheme of f i r s t - o r d e r  accu racy ,  desc r ibed  by 
the vector  equation 

T r a n s l a t e d  f rom Inzhenerno-F iz i chesk i i  Zhurnal ,  Vol. 21, No. 6, pp. 1033-1039, D e c e m b e r ,  1971. 
Original  a r t ic le  submit ted  J anua ry  20, 1971. 

�9 t974 Consultants Bureau, a division of  Plenum Publishing Corporation, 227 glest t7th Street, New York, N. Y. 100tt. 
No part of this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, 
electronic, mechanical, photocopying, microfilming, recording or otherwise, without written permission of the publisher. A 
copy of this article is available from the publisher for $15.00. 

1518 



A t  ~ F = F ~ ~+ 2- = __1 (f~,t + fi+t,z %- [~+l,t+I +/~d+~) - -  (F~+l,~+t %- ~+~,t-- ~,~+1-- Fk.t) (3) 
1 .1 ~+ -~-, t+ T 4 4Ax 

At 6 ~ . G ~ G ~ ~ht H ~ H ~ ~ ~ 2_ ( ~+l,~+~ + G~,t+i-- ~, t - -  ~+1,1) ( ~,t + ~+~,~ ~- H~+l,z+: , H~,~+~). 
4hg 8g 

l+ -  2- 

T h e  v a l u e s  of the  v e c t o r  func t ion  f c a l c u l a t e d  in th i s  p r e l i m i n a r y  h a l f s t e p  a r e  then  u s e d  in a s e c o n d  
f ina l  h a l f s t e p .  The  d i f f e r e n c e  equa t ion  fo r  the  s e c o n d  s t a g e  d e s c r i b e s  a s p a t i a l  v a r i a n t  of the  " e r i s s - c r o s s "  
s c h e m e  wi th  a r t i f i c i a l  v i s c o s i t y :  
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In  E q .  (4), Q and R def ine  the  v e c t o r  a r t i f i c i a l  v i s c o s i t y  in  the  x and y d i r e c t i o n s ,  r e s p e c t i v e l y .  

The  t ype  of a r t i f i c i a l  v i s c o s i t y  to be  c h o s e n  i s  d e c i d e d  wi th  the  he lp  of n u m e r i c a l  e x p e r i m e n t a t i o n .  
The  v i s c o s i t y  s e l e c t e d  m u s t  s m o o t h  out the  o s c i l l a t i o n s  of the  so lu t i on  in a n e i g h b o r h o o d  of the  s h o c k  wave  
f r o n t ,  and  a l s o  the  s u m  of the  s u p p l e m e n t a r y  t e r m s  in  E q .  (4) m u s t  not be  l e s s  than  the t h i r d  o r d e r  of s m a l l -  
n e s s .  It ha s  been  found tha t  the  a r t i f i c i a l  v i s c o s i t y  de f i ne d  b y  the fo l lowing  r e l a t i o n s  p o s s e s s e s  good s t a -  
b i l i z i n g  p r o p e r t i e s  : 

Q : +  ~ 03 n 34n t,en n 
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In our  c o m p u t a t i o n s  we u s e d  va lues  of the  v i s c o s i t y  c o e f f i c i e n t  ill the  r a n g e  0.5 -< w -< 2~ 

(5) 

I n v e s t i g a t i o n  o f  t h e  S t a b i l i t y  o f  t h e  D i f f e r e n c e  E q u a t i o n s  

We use  F o u r i e r ' s  m e t h o d  to e s t a b l i s h  bounds  on the t i m e  s t e p  At  which  e n s u r e  s t a b i l i t y  of the  s o l u -  
t ion  wi th  r e s p e c t  to  s m a l l  p e r t u r b a t i o n s .  T o  a p p l y  F o u r i e r ' s  m e t h o d  we l i n e a r i z e  the  s y s t e m  {2), ob ta in ing  
a l i n e a r  s y s t e m  wi th  c o n s t a n t  c o e f f i c i e n t s :  

OU %- A au + B au o, (6) 
ot Ox oy 

w h e r e  A = dF/clf ,  B = d G / d f  a r e  J a e o b i  m a t r i c e s  of the  v e c t o r s  F and G, c o n s i d e r e d  at  an a r b i t r a r y  po in t  
of the  f low r e g i o n .  S ince  the  s y s t e m  (2) i s  of h y p e r b o l i c  t y p e ,  we m a y  c o n s i d e r  the  m a t r i c e s  A and B to be  
s y m m e t r i c .  T h e  d i f f e r e n c e  s c h e m e  (3)- (4), when a p p l i e d  to  the  l i n e a r  s y s t e m  (6), m a y  be w r i t t e n  in  the  
f o r m  of the  e x p l i c i t  r e l a t i o n  

_ _ _ A t  A ( U  nk+~, ~-1%- 2U~+~,z + U ~h+1,~+1 - -  U~-~,~-~--2U~_~,~--Uk_~.+~)~ ~ U~,~ -1 = Ul~,~ 8Ax 
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We m a y  s tudy  how the l i n e a r i z e d  s y s t e m  (7) r e a c t s  to  a v e c t o r - f u n c t i o n  of the fo rm 

V nk,z : :  in exp [i (hP + /* ) ] ,  (8) 

which  d e s c r i b e s  s imple  h a r m o n i c  o sc i l l a t i ons .  If  the funct ion  (8) is a s s i g n e d  at the n - t h  l a y e r ,  a pe r iod ic  
funct ion is obtained at the (n + 1)- th  l a y e r  the vec to r  ampl i tudes  of which  m a y  be e x p r e s s e d  by a r e l a t i o n -  
ship which  r e s u l t s  f r o m  subs t i tu t ing  the funct ion (8) into the d i f f e rence  equat ion (7): 

p+1__ Sp,  

whe re  S is the  t r a n s f e r  m a t r i x  of the d i f f e rence  s c h e m e ,  def ined by  the e x p r e s s i o n  

S = E - -  2ai cos 2 ~ sin ~ cos ~ - -  2bi cos 2 q~ s i n ~  cos 
2 2 2 2 2 2 

- -  2a 2 sin 2 -~- cos 2 ~ - -  2 (ab 4- ba) sin ~ cos ~ sin ~ cos ~ - -  2b 2 sin 2 ~ -  cos 2 q~ , (9) 
2 2 2 2 2 2 2 2 

where  E is the unit  m a t r i x ;  a = gXt/Ax)A; b = (At /Ay)B.  

The s c h e m e  is s table  if the n o r m  of the t r a n s f e r  m a t r i x  does not exceed  uni ty .  F r o m  the defini t ion 
of the m a t r i x  n o r m  this  condi t ion  is val id  if 

i(Sq, q ) p <  1 (10) 

fo r  all  unit v e c t o r s  q.  

F o r  conven ience  in the w o r k  which  fol lows we wr i t e  the t r a n s f e r  m a t r i x  in the f o r m  

w h e r e  

S = C + i J ,  
(11) 

C = E - -  2D2; d = 2cos ~-~ cos q~ D; 
2 2 

D = a sin ~ cos ~ + b sin ~1~ cos 5 _ .  
2 2 2 2 

In addi t ion,  we let  lDql 2 = 6, laql 2 = ~ ,  Ibql z =/3 .  The  fol lowing r e l a t ions  a r e  val id:  

c 2 = (Cq, q)Z = (1 - -  26) 2, 
(12) 

]~ = ( jq ,  q)2 = 4cos 2 ~_ cos 2 r (Dq, q)2 ~ 4cos2 ~ cos ~ ---~ 6, 
2 2 -  2 2 

whe re  the las t  e s t i m a t e  holds  by  v i r tue  of SchwarzVs inequa l i ty .  F r o m  the r e l a t ions  (12) we i m m e d i a t e l y  
obtain an e s t i m a t e  fo r  the left  s ide of inequal i ty  (10): 

I(Sq, q)j 2 = c 2 4 -  j= . ~  1 - -  4 6  1 - -  6 - -  c o s  ~ ~ c o s  ~ . ( 1 3 )  
' ~ 2 

We now need  to explain the condi t ion  of nonnegat iv i ty  of the e x p r e s s i o n  appea r ing  in p a r e n t h e s e s  in 

the r igh t  m e m b e r  of inequal i ty  (13). 

The  quant i ty  6 m a y  be e s t i m a t e d  as  foUows:  

= _ _  , - -  - -  q .<. [aqlsin c o s ~ + l b q [ s i n ~ c o s  
2 2 ~- 2 2 2 2 

(14} ( r r + sin-~- r < max (a, [g) sin ~ -  -~  cos 

1520 



P P I P ' 

! 

o ~ ' 0,O8 205 

t=S, SZ e, st .~ j 

.J ~ L__ j "~176 , . . ~  tO b 

Fig~ 1. Axial  p r e s s u r e  p ro f i l e s :  a) before  and a f te r  the a p p e a r -  
ance of the incident shock wave;  b) during the in te rac t ion  of the 
incident wave with the bow wave,  and at the instant  of impact  with 
the end of the cy l inder .  
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Isobars for the second stationary mocle~ 

t = 18o15; Ax = 1.0; Ay = 0.5. 

for  o~ _< 1/2,  fl -< 1/2,  or  for  

By virtue of the trigonometric relation 

\ 2 2 q- sin --2 cos ...< 2 1 - -  cos 2 ~2 c~ 

we m a y  extend the es t ima te  (14): 

5"~max(cz'13) 2 ( 1 - - c ~ 1 7 6  (15) 

Using the inequali ty (15) we may  wri te  inequal-  
i ty (13) in the form 

c 2 + f l ' ~ 1 - 4 6 ( 1 - - 2 m a x ( a ' [ 3 ) )  ( l - - c~176  .(16) 

The r ight  side of inequali ty (16) does not exceed unity 

/ At ,~2 ~ 1  E ( At 2 1 B) -~-e  (17) 
t--X2  2 ' 

The inequal i t ies  (17) e x p r e s s  the conditions for  s tabi l i ty  of the difference scheme .  In p r ac t i ce  it is conve-  
nient to wr i te  them in the equivalent f o r m  

• -.K1/ V' 2, )~m-%l/l/2 (m l, 2, 3, 4). (18) 

The s tabi l i ty  conditions (17) a re  the bes t  poss ib le ,  i .e . ,  they are  not only sufficient but a l so  n e c e s s a r y .  

In the study of p rob l em s  of the nwave-on-a -wave"  type it is n e c e s s a r y  to take into account the i n t e r a c -  
tion of two shock waves ,  the incident wave and the bow wave which f o r m s  ahead of the body during i ts  mot ion.  
As a r e su l t  of the col l is ion of the incident wave with the s t a t ionary  bow wave in the subsonic region,  two 
shock waves a re  fo rmed ,  moving in the di rect ion of the body; these waves  a re  usual ly  s epa ra t ed  by a con-  
tact  su r f ace .  During the action of the s t rong fo rward  wave the p r e s s u r e  on the su r face  of the body i n c r e a s e s  
sharp ly .  This  i nc rease  amounts  to an impulse  since the r a r e f ac t ion  waves f r o m  the p e r i p h e r y  of the cy l -  
inder  lead to a subsequent  lowering of the p r e s s u r e .  Af ter  this t rans ien t  p r o c e s s ,  a new s ta t ionary  flow 
mode is es tab l i shed ,  cor responding  to the flow p a r a m e t e r s  behind the incident wave f ront .  

Actual ly,  in making the calculat ions two subs id ia ry  p rob l ems  mus t  be solved:  the flow over  the body 
in the initial  supersonic  flow mus t  be de termined;  and the new supersonic  flow mode over  the body, r e s u l t -  
ing f r o m  impingement  of the shock wave,  mus t  be de te rmined .  A s imul taneous solution of these  p r o b l e m s ,  
by means  of a continuous computat ional  method,  may  be effected in the following way.  As the initial  field 
of values we take the p a r a m e t e r s  of the medium t r a v e r s e d  by the f i r s t  shock wave.  After  the col l is ion of 
the wave with the body a r e t r o g r a d e  motion of the re f l ec ted  wave occurs  and a s t a t ionary  flow is fo rmed .  
Af te r  the r e f r a c t e d  wave is f o rm ed  and the functions on the mesh  no longer  vary ,  a change in the f l o w p a r a m -  
e t e r s  at the boundary (entrant) cei ls  of the m e s h  is made ,  the a im being to obtain the second shock wave 
moving with r e spec t  to the s ta t ionary  flow. The p a r a m e t e r s  of this second shock a re  obtained through use  
of the Hugoniot r e l a t ions .  
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Fig. 3. Dependence of pressure 
impulse on M I and M2: i) M 2 
= 1 . 5 ; 2 )  M 2 =2 .0 ;  3) M 2 =3.0;  
4) M 2 = 5.0. 

When the incident shock wave meets  the bow wave, the most  
important  phase of the nonstat ionary interact ion begins; at this t ime 
the values of the p r e s s u r e  on the body a re  a maximum. This phase 
te rmina tes  with the establishment of a second s ta t ionary mode. 

Digital computer  resul ts  of the numer ica l  solution are  shown 
in F i g s . l - 3 .  In these par t icu lar  calculat ions,  AX = 0.5Ay = 0.05r ,  
where r is the cyl inder  radius .  The entire region of the mesh  con-  
tained 40 x 80 ce l ls .  P a r a m e t e r s  of the incident flow were chosen 
so that p~ = 1, p~ = 1. As the scaling length we took the mesh step 
Ax. Thus the calculations were  made in t e r m s  of the dimensionless 

-1 i 2 yAx-1, tpl/2p~ol/r variables pp~o l, iop~ l, up~ol/2p~/2, vp~ ~pl/ , '  xAx-1 
.Ax - i .  Fo r  the specific heat rat io we used ~ = 1.4. The flow Mach 
number  M i and the Mach number M 2 of the incident shock wave were 
varied.  

Figure  1 shows axial p r e s s u r e  profi les  for the case  M 1 = M 2 
= 3 at the following charac te r i s t i c  t ime instants:  1) for the f i rs t  flow 
mode (t = 5.52); 2) at the instant of re lease  of a shock wave into the 
s ta t ionary flow (t = 6.51); 3) during the interact ion of the incident 
shock wave with the bow wave (t = 8.48); 4) during interact ion of the 
incident shock wave with the end of the cylinder (t = 10.23). 

Figure  2 presents  i sobars  at an instant of t ime when the flow in the neighborhood of the cyl inder  end 
is close to being s ta t ionary (t = 18.15). In Fig.  2 the ref lect ion of the bow wave f rom the channel walls and 
the region of ra refac t ion  at the la tera l  wall of the cyl inder  can be seen.  

A nomogram of p r e s su re  impulse values as a function of M 1 and M 2 is shown in Fig.  3. 

NOTATION 

x 

Y 
t 

P 
P 
u 
v 

e 

l 

a 

Ax 
2~y 
At 

k 
n 

is the 
is the 
is the 
is the 
is the 
is the 
is the 
is the 
is the 
is the 
is the 
is the 
is the 
is the 
is the 
is the 

space coordinate calculated along the flow axis; 
space coordinate measured  f rom the flow axis; 
t ime;  
p r e s su re ;  
density; 
axial component of the velocity vector;  
radia l  component of velocity; 
total energy per  unit volume, e = p{u 2 + v2)/2 + p / ( ~ - 1 ) ;  
index of the node in the y direction; 
heat capaci ty rat io;  
velocity of sound; 
step in x on the difference grid; 
step in y on the grid;  
t ime step; 
index of the gr id  node for which values are  calculated in the x direction;  
t ime index of the gr id .  

L I T E R A T U R E  C I T E D  

1. V . V .  Rusanov, Zh. Vychisl .  Matem. i Matem. Fiz . ,  1,  No.2,  187-195 (1961). 
2. S . K .  Godunov, A. V. Zabrodin, and G. P .  Prokopov, Zh. Vychisl .  Matem. i Matem. Fiz . ,  1,  No. 6, 1051- 

1060 (1961). 
3. V.B. Balakin, Inzh.-Fiz. Zh., _7, No. 11, 62-66 (1964). 
4. R.A. Gentry, R. E. Matrin, and B. J. Daly, J. Comput. Phys., i, 87-118 (1966). 
5. S.Z. Burstein, J. Comput. Phys., 2, 198-222 (1967). 

1522 


